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Abstract. Let D be the category of pro-sets (or abelian pro-groups). It is 
proved that for any Grothendieck site X, there exists a reflector from the 
category of precosheaves on X with values in D to the full subcategory of 
cosheaves. In the case of precosheaves on topological spaces, it is proved 
that any precosheaf is smooth, i.e. is locally isomorphic to a cosheaf. Locally 
constant cosheaves are constructed, and there are established connections with 
shape theory. 
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0. Introduction 

While the theory of sheaves is well developed, and is covered in a plenty of pub- 
lications, the theory of cosheaves is represented much poorer. The main reason 
for this is that cofiltrant limits are not exact in the "usual" categories like sets or 
abelian groups. On the contrary, filtrant colimits are exact, which allows to con- 
struct rather rich theories of sheaves (of sets or of abelian groups). Since cosheaves 
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of sets (respectively, of abelian groups) are in fact sheaves with values in the op- 
posite category SET op (respectively, AB op ), the above argument would mean that 
SET op and AM op are badly suited for sheaf theory. 

The first step in building a suitable theory of cosheaves would be constructing a 
cosheaf associated with a precosheaf. It is impossible in general, because of the men- 
tioned drawbacks of categories SET op and AB op . In [Bre97j and |Bre68j . it is made 
an attempt to avoid this difficulty by introducing the so-called smooth precosheaves 
(Definition 1 1 . 5|) . It is not clear whether one has enough smooth precosheaves for 
building a suitable theory of cosheaves. Another difficulty is the lack of suitable 
locally constant cosheaves. In |Bre97j and |Bre68l . such cosheaves are constructed 
only for locally connected spaces. 

There is a lot of papers (that are not cited here) dealing with sheaves with values 
in a general category B having suitable properties. Such a sheaf theory would allow 
constructing a suitable cosheaf theory with values in D op . An interesting attempt 
is made in |Sch87) where the author sketches a sheaf theory on topological spaces 
with values in the category of abelian ind- groups Ind (AM op ), which is equivalent 
to a cosheaf theory with values in the category of abelian pro-groups 

Pro {AM) « (Ind(AM op )) op . 

The latter category, as well as the category of pro-sets Pro (SET) , seems to be one 
of the best candidates for a suitable cosheaf theory. 

In this paper, we begin a systematic study of cosheaves on topological spaces 
(as well as on general Grothendieck sites) with values in Pro (SET) and Pro (AM) 
(see Appendix, Section [4j . In Theorems 11.11 and 11.21 the cosheaf A# associated 
with a precosheaf A is constructed, giving a pair of adjoint functors and a reflector 
from the category of precosheaves to the category of cosheaves. It appeared that on 
a topological space such a cosheaf is locally isomorphic to the original precosheaf 
(Theorems 11.31 and 1 1 .4[) . implying that any precosheaf is smooth (Corollarv ll.Gp . In 
Theorem 1 1.71 locally constant cosheaves are constructed. It turns out that they are 
closely connected to shape theory. Namely, the locally constant cosheaf (S LC )^ 
with values in Pro (SET) is isomorphic to the pro-homotopy cosheaf S x pro-Tto, 
while the locally constant cosheaf (A LC ) with values in Pro (AM) is isomorphic 
to the pro-homology cosheaf pro- H (_, A). 

In future papers, we are planning to develop homology of cosheaves, i.e. to study 
projective and flabby cosheaves, projective and flabby resolutions, and to construct 
the left satellites 

H n (X, A) := L n T (X, A) 
of the global sections functor 

H (X,A) :=T(X,A). 

It is expected that deeper connections to shape theory will be discovered, as is 
stated in the two Conjectures below: 

Conjecture 0.1. The left satellites of Hq are naturally isomorphic to the pro- 
homology: 

H n (X lP ro-H (_, A)) » pro-H n (X, A) . 
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Conjecture 0.2. The non-abelian left satellites of Hq are naturally isomorphic 
to the pro-homotopy: 

H n (X, S x pro-TTo) » S x pro-n n (X) . 

It is not yet clear how to generalize the above Conjectures to strong shape theory. 
However, we have some ideas how to do that. 

1. Main results 

Let X be a site (Definitional}, and let PCS (X, Pro (SET)) and CS (X, Pro (SET)) 
be the categories of precosheaves and cosheaves, respectively, on X, with values in 
Pro (SET) (Definition Let further PCS (X, Pro (AB)) and CS (X, Pro (AB)) 

be the categories of precosheaves and cosheaves, respectively, on X, with values in 
Pro (AB) (Definition EH]). See Appendix (Section 0) for the definit ion and proper- 
ties of the categories Pro (SET) and Pro (AB). 

Theorem 1.1. (1) The inclusion functor 

I : CS (X, Pro (SET)) — > PCS (X, Pro (SET)) 

has a right adjoint 

() # : PCS (X, Pro (SET)) — > CS (X, Pro (SET)) . 

(2) For any co sheaf A on X with values in Pro (SET), the canonical morphism 

A# — > A 

is an isomorphism of cosheaves, i.e. ()_^ is a reflector from the category of 
precosheaves with values in Pro (SET) to the full subcategory of cosheaves 
with values in the same category. 

Theorem 1.2. (1) The inclusion functor 

I : CS (X, Pro (AB)) — ► PCS (X, Pro (AB)) 

has a right adjoint 

() # : PCS (X, Pro (AB)) — > CS (X, Pro (AB)) . 

(2) For any co sheaf A on X with values in Pro (AB), the canonical morphism 

A# — > A 

is an isomorphism of cosheaves, i.e. () „ is a reflector from the category 
of precosheaves with values in Pro (AB) to the full subcategory of cosheaves 
with values in the same category. 

In Theorems ll.3| II. A\ \l.7\ and in Corollary 11.61 below X is a topological space. 
We denote by the same letter X the corresponding site (Example I2.2[) . 

Theorem 1.3. (1) For any precosheaf A on X with values in Pro (SET), 

A# — > A 

is a local isomorphism ( Definition 1 2. 2l\ ) . 

(2) Any local isomorphism 

A — > B 

between cosheaves on X with values in Pro (SET), is an isomorphism. 

(3) If B — > A is a local isomorphism, and B is a cosheaf, then B w A#. 



4 



ANDREI V. PRASOLOV 



Theorem 1.4. (1) For any precosheaf A on X with values in Pro (AM), 

A# — > A 

is a local isomorphism. 

(2) Any local isomorphism 

A—>B 

between cosheaves on X with values in Pro (AM), is an isomorphism. 

(3) If B — > A is a local isomorphism, and B is a cosheaf, then B « A#. 

The two latter Theorems guarantee that all precosheaves are smooth: 

Definition 1.5. i 1Bre97j . Corollary VI. 3. 2 and Definition VI. 3. 4, or |Bre68j . 
Corollary 3. 5 and Definition 3. 7) A precosheaf A is called smooth iff there ex- 
ist precosheaves B and B' , a cosheaf C, and local isomorphisms 

A—fB<—C, 

or, equivalently, local isomorphisms 

A^B' — > C. 

Corollary 1.6. Any precosheaf with values in Pro (SET) or in Pro (AM) is smooth. 
Proof. 

A 

or 

A< 

□ 

We are now able to construct locally constant cosheaves, and to establish con- 
nections to shape theory. 

Theorem 1.7. Let S be a set, and let A be an abelian group. 

(1) The precosheaf 

V (U) :=Sx pro-no (U) 

where pro -ir o is the pro-homotopy functor from [MS82 , p. 130, is a cosheaf. 

(2) Let S LC be the locally constant precosheaf corresponding to S (Definition 
\2.16\) on X with values in Pro (SET). Then (S LC )^ is naturally isomor- 
phic to V. 

(3) The precosheaf 

H(U) := pro-HQ (U, A) 

where pro-Ho is the pro-homology functor from [MS82 , p. 121, is a cosheaf. 

(4) Let A LC be the locally constant precosheaf corresponding to A (Definition 
\2.17ty on X with values in Pro (AB). Then (A LC ) ^ is naturally isomorphic 
to H. 



id 



A 4 — A # 



A # ^A # . 
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2. COSHEAVES AND PRECOSHEAVES 

2.1. Cosheaves and precosheaves with values in Pro (SET). 

Definition 2.1. A Grothendieck site (or simply a site) (see |SGA72j . [KS06 , 
Definition 16.1.5, or [Tam94| , p. 24) is a pair 

X = {Cat (X) , Cov (X)) 

where Cat(X) is a small category (Definition \4.1\ ), and Cov (X) is a collection of 
families of morphisms 

{Ui — > U} € Cat (X) 

satisfying COV1-COV4 from [KS06] . p. 391, or T1-T3 from |Tam94j . Definition 
1.1.2.1. 

Example 2.2. Let X be a topological space. Let us consider a site denoted by the 
same letter 

X = {Cat (X) , Cov (X)) . 

Cat (X) will consist of open subsets of X as objects and inclusions U C V as 
morphisms. The set of coverings Cov(X) consists of families 

{Ui — >U}e Cat (X) 

with 

\JUi = U. 

i 

Let D be a category. 

Definition 2.3. Let X = (Cat (X) , Cov (X)) be a site. A precosheaf on X with 
values inD is a covariant functor A from Cat (X) to D. A presheaf on X with 
values inD is a contravariant functor A from Cat (X) to H>. Morphisms between 
precosheaves (presheaves) are morphisms between the corresponding functors. 

Assume D admits small coproducts. 

Definition 2.4. A precosheaf A on a site X = (Cat (X) , Cov (X)) with values in 
D is called coseparated (epiprecoshief in the terminology o/[Bre68] and |Bre97j ) 

iff 

\\A(U % ) — > A(U) 

i 

is an epimorphism for any covering {Ui — > U} G Cov (X). 

Assume D is cocomplete (Definition 14. 5[) . 

Definition 2.5. A cosheaf on a site X — (Cat (X) , Cov (X)) with values in D is 
a precosheaf A such that 

coker I ]]_A(Ui xuUj) =t JJ 4 J ^ A(U) 

\ i,j i ) 

for any covering {Ui — > U} G Cov (X). 
Assume ID) admits small products. 
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Definition 2.6. A presheaf A on a site X = (Cat (X) , Cov (X)) with values in 
is called separated (monopreshief in the terminology of [Bre97] ) iff 

A(U)^\{A(U t ) 

i 

is a monomorphism for any covering {{7j — > U} 6 Cov (X). 
Assume ID) is complete (Definition 14. 5[) . 



Definition 2.7. A sheaf on a site X — (Cat (X) , Cov (X)) with values in D is a 
presheaf A such that 

A(U) ^kei I J[ A (U t ) A (U t x v U,) 

\ i i,3 

for any covering {Ui — > U} S Cov (X). 
Let 

X = (Cat (X) , Cov (X)) 
be a site. We introduce the main categories of pre(co)sheaves and (co)sheaves. 

Definition 2.8. Let us denote: 

a) by PCS (X, D) the category of precosheaves on X with values in D; 

b) by PS (X, D) the category of presheaves on X with values in B; 

c) (D is cocomplete ) by CS (X, D) the full subcategory of PCS (X, ID) consisting 
of cosheaves; 

d) (ID) is complete) by S (X, D) the full subcategory of PS (X, ID) consisting of 
sheaves. 

Definition 2.9. Given a precosheaf 

A : Cat (X) — > Pro (SET) 

on X , define a presheaf 

A op : (Cat (X)) op — > (Pro (SET)) op C SET SET 

by 

A op (U):=A(U),U eCat(X), 
A o P yap . y V j ._ ( A (/) : A(V)^A (U)) op . 

Definition 2.10. Given a presheaf B on X with values in (Pro (SET)) op , let i(B) 
be the following presheaf on X with values in SET ET : 

i(B) (U) :=l(B(U)) 

where i is the Ioneda embedding from Definition \4-9\ 

Given a precosheaf A on X with values in Pro (SET), let k(A) be the following 
presheaf on X with values in SET SET : 

k(A)(U) :=k(B(U)) 

where n is the contravariant embedding from Definition \4- 10\ 

The two Propositions below establish connections between coseparated precosheaves 
and separated presheaves, and connections between cosheaves and sheaves. 

Proposition 2.11. The following conditions are equivalent: 



PRECOSHIEVES ARE SMOOTH 



7 



(1) A is co separated; 

(2) A op is a separated presheaf with values in (Pro (§ET)) op ; 

(3) l (A op ) = k (A) is a separated presheaf with values in §ET sET ; 

(4) I (A op ) (Z) = k (A) (Z) is a separated presheaf of sets for any Z 6 SET. 

Proof. Let 

{U t — > U} G Cov (X) 

be a covering. 

1 2: By duality, 

Y[A(U t )^A{U) 

i 

is an epimorphism of pro-sets iff 

A°p(U) ^ Y[A op (Ui) 

i 

is a monomorphism in (Pro (§ET)) 0? \ 
1 =>• 3. It is given that 

]lA(Ui)^A(U) 

i 

is an epimorphism of pro-sets. Then, for any set Z 1 the mapping 

k (A (U)) (Z) K -H k Mj A (Ujj (Z) « rj k (A (Ui)) (Z) 

is a monomorphism (see Proposition I4.12j ). Therefore, k(A) is separated as a 
presheaf in §ET SET . 

3 => 1. It is given that 



«(^(c/))^)^n K (- A (^))^) 

any set Z. Let (Z s ) be a pro-set. ' 
Hom Pro(SET) (A(U) : (Z s )) « lim/c (4 (£/))(£, 



is a monomorphism for any set Z. Let (Z s ) be a pro-set. Then 

lim s ip(Z s ) 



]imY[K(A(Ui),Z s ) = HomproQux) (\[A (Ui) , (Z s )j 

is a monomorphism since limits in SET convert monomorphisms to monomor- 
phisms. It follows that 

i 

is an epimorphism of pro-sets. 

4 •<=>• 3. Follows from the fact that 

B —>C 

is a monomorphism in SET SKT iff 

B(Z) —*C(Z) 

is a monomorphism for any Z G SET. □ 
Proposition 2.12. T/ie following conditions are equivalent: 
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(1) A is a cosheaf; 

(2) A op is a sheaf with values in (Pro (SET)) op ; 

(3) l (A op ) = k (A) is a sheaf with values in SET ET . 

(4) l (A op ) (Z) = k (A) (Z) is a sheaf of sets for any Z G SET. 

Proof. Let 

{Ui -^U}e Cov (X) 

be a covering. 

1 2: By duality, 

K i,3 i J 

is a cokernel in Pro (SET) iff 

A op (U) — > {n A ° P ( u i) =* Ii A ° P ( u i x u Uj) 

\ i i,j 

is a kernel in (Pro (SET)) op . 
1 =>• 3. It is given that 

]]_A(Ui XuUj) =tl[A(Ui) ] —>A(U) 

K i,3 i 

is a cokernel in Pro (SET). Apply k: 

k(A(U)) — > lY[K(A(Ui))=tY[K(A(Ui x v U )) 

\ i i,3 , 

is a kernel in SET SET (Proposition EH]). Therefore, n (A) is a sheaf in SET SET . 
3 =>■ 1. It is given that, for any set Z, the mapping 

n(A(U))(Z) — > 11[k(A(U 1 ))(Z)^Y[ K (A(U 1 x u U J ))(Z) 

\ i i,3 

is a kernel in SET. Let (Z s ) be any pro-set. Then, since limits commute with 
kernels and products and due to Proposition 14. 121 

Hom Pro(sm (A (U) ,(Z S )) = lim k (A (U)) (Z s ) = 
= Umker I JJ k (A (Ui)) (Z s ) =| k (4 x ff I^))(Z a 

= ker J] Unl K (Ui)) ( z s) =f II H ™ K x f ^)) J = 

\ i i,3 J 

= ker ]J Hom Pro (§ w -) (A (Ui) , (Z„)) =4 H Hom Pro{SET) (A (Ui x v Uj) , (Z s )) 



PRECOSHIEVES ARE SMOOTH 



9 



It follows that 

[WA^xuU^^WAiUi) ] —>A(U) 

\ id » 
is a cokernel in Pro (SET). 

4 3. Follows from the fact that 



B — > (C =4 -D) 



is a kernel in SET SET iff 



^(C(Z)=}X>(2)) 

is a kernel for any Z 6 SET. □ 
2.2. Cosheaves and precosheaves with values in Pro (AB). Let 

X = {Cat (X) , Cov (X)) 

be a site. 

Definition 2.13. Given a precosheaf 

A : Cat (X) — > Pro (AB) 

on X, define a presheaf 

A op : {Cat{X)) op — > (Pro (AB)) op C AB AB 

6y 

.4 op ({/) : = 4(17) , U E Cat (X) , 
A°p (f°P : V ^ U) : = {A{f):A(V)^A(U))° p . 

Proposition 2.14. The following conditions are equivalent: 

(1) A is coseparated; 

(2) A op is a separated presheaf in {Pro (AM)) op ; 

(3) l (A op ) — K {A) is a separated presheaf in AB 

(4) i (A op ) (Z) = k (A) (Z) is a separated presheaf in AB for any Z £ AB. 

Proof. Just repeat the proof of Proposition 12. Ill Remember that in that Proposi- 
tion k means the full contravariant embedding 

K : Pro (SET) — > SET SET 

from Definition 14. 101 while in this Proposition n means the full contravariant em- 
bedding 

K : Pro (AB) — > AB AB 
from Definition 14.151 □ 

Proposition 2.15. The following conditions are equivalent: 

(1) A is an cosheaf; 

(2) A op is a sheaf in (Pro (AB)) op ; 

(3) i (A op ) = k (A) is a sheaf in AB AB . 

(4) i (A op ) (Z) = k (A) (A) is a sheaf in AB for any Z £ AB. 

Proof. Just repeat the proof of Proposition 12.121 □ 
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2.3. Cosheaves and precosheaves on topological spaces. Throughout this 
Section, X is a topological space considered as a site (see Example 12. 2p . 

Definition 2.16. Let S be a set. We denote by S LC the following locally constant 

precosheaf on X : 



S LC (U) := 



S if U ^ 
if U = 



Definition 2.17. Let A be an abelian group. Analogously to Definition \2. 161 denote 
by A LC the following precosheaf on X : 

A lc {u): J A if U + 



if U = 0. 

To introduce local isomorphisms, one needs the notion of a costalk, which is dual 
to the notion of a stalk in sheaf theory. 

Definition 2.18. Let D and E be categories, and assume that D admits cofiltrant 
limits, and that E admits filtrant colimits. Let x G X be a point. Let further A be 
a precosheaf on X with values in D, and B be a presheaf on X with values in E. 
Denote 

A x :=]im A(U), 

x€U 

B x :=colim B (U) . 

x<£U 

We will call A x the costalk of A at x, and B x the stalk of B at x. 

Example 2.19. Lf A is a precosheaf of sets on X , then A x is the limit lim xe u A (U) 
in SET. However, if the same precosheaf is considered as a precosheaf of pro-sets, 
then A x is the pro-set defined by the cofiltrant system 

A x = (A(U):xeU). 

Example 2.20. Let A is a precosheaf of abelian groups on X . According to |Bre68j . 
p. 5, or [Bre97], p. J^20, A is called locally zero iff for any x G X and any open 
neighborhood U of x there exists another open neighborhood V, 

x e V C U 

such that 

A{V)^A{U) 

is zero. If we consider, however, the precosheaf A as a precosheaf of abelian pro- 
groups, then A is locally zero iff for any x € X , A x is the zero object in the category 
Pro (AM). 

Definition 2.21. Let 

A — >■ B 

be a morphism of precosheaves on X. It is called a local isomorphism iff 

A x — J-S* 

is an isomorphism for any x G X. 

Remark 2.22. It is clear that a morphism A — > B of precosheaves of abelian 
groups is a local isomorphism in the sense of the definitions from |Bre68j . p. 6, 
or |Bre97j . p. 1^21, iff it is a local isomorphism in our sense when considered as a 
morphism of precosheaves with values in Pro ( 
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Definition 2.23. Let 

A — > B 

be a morphism of presheaves on X. It is called a local isomorphism iff 

A x ^ B x 

is an isomorphism for any x G X. 
Lemma 2.24. Let 

A — > B 

be a morphism of precosheaves on X with values in Pro (SET) . Then it is a local 
isomorphism iff 

(k(B) (Z)) x ^(k(A) (Z)) x 
is an isomorphism for any set Z and any x G X . 

Proof. Since k is a full (contravariant) embedding, 

ip : A x — > B x 

is an isomorphism iff 

k(B x ) K -Hk{A x ) 

is an isomorphism. For any set Z, since k converts cofiltrant limits to filtrant 
colimits, the composition 

k {B x ) (Z) « Hom Pro{mr) (B x , Z) « Hom Pro{SET) (\im B (U) , Z^j « 
» coUm Hom Pro(SET) (B (U) , Z) « (k (B) (Z)) x » 

« ( K (S)) x (Z)^( K (^l)) x (Z)« 

w (k (.4) (Z)) x w coZira Hom Pro(SET) (A (U) , Z) w 

w Hom Pro{SET) ^lim ^4(?7) , Z^j w Hom Pro{SET) (A x , Z) « k (.A x ) (Z) 

is an isomorphism iff (k ($) (Z)) x — > (k (.4) (Z)) x is. □ 

Lemma 2.25. Let A be a separated presheaf (e.g., a sheaf) of sets on X. Let a 
and b be two sections 

a,beA(U). 
Then a = b iff a\ x = b\ x for any x G U. 

Proof. For any x G U, there exists an open neighborhood V x , x G V x C U, such 
that 

a\v x = b\v x - 

Therefore, the images of a and b under the mapping 

Z:A{U)^> \{A{V X ) 

xEU 

are equal. It follows that a — b because £ is a monomorphism. □ 
Proposition 2.26. Let 

<p:A—>B 

be a local isomorphism of sheaves of sets on X . Then ip is an isomorphism. 
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Proof. Let U be an open subset of X. 
Step 1. 

ip(U) :A{U) -^B{U) 
is onto. Indeed, let b £ B (U). For any x £ U, find a a' (x) <E A x with 

(«' 0)) = b(x) := b\ x . 
There exist open neighborhoods V x , x £ V x Q U, and sections a(x) £ A(V X ) with 

a' (x) = (a(x))\ x , 
p(a(x)) = b\ Va . 
Let now x, y £ X, z £ V x PI V y . It follows that 

Vz {{a{x))\ z ) = b\ z = p> z {{a{y))\ z ) 

for any z £ V X C\ V y , therefore (a (x)) \ z = (a (y)) \ z since y 2 are isomorphisms. Due 
to Lemma T2.251 the two sections are equal: 

(a{x)) \v x nv v = (a(y)) \v*nv v 
The (infinite) tuple (a (x) : x £ X) lies in the kernel of 

l[A(v x )^ J] A(v x nv y ). 

Since A is a sheaf, there exists a section a £ A (U) with a|y x = a (x). Comparing 
the stalks ip (a) \ x and b\ x and using Lemma \2. 251 again, conclude that <p (a) = b. 
Step 2. 

tp(U) :A{U) -^B{U) 
is one-to-one. Indeed, let ao,a\ £ A(U), and assume 

ip (oo) = <^ (ai) . 

Then for any x £ U, 

<Px (Oo) |x) = V K ((ai) U) 

and 

(«o) U = (oi) U 

since ^ a is one-to-one. Lemma 12.251 guarantees that ao = oi. □ 
Proposition 2.27. Let 

p:A—>B 

be a local isomorphism of cosheaves on X with values in Pro (SET). Then ip is an 
isomorphism. 

Proof. For any set Z, k (A) (Z) and k (B) (Z) are sheaves of sets. Lemma 12.241 
guarantees that 

K (p) (Z) : k (B) (Z) — > k (A) (Z) 

is a local isomorphism. Due to Proposition 12.261 k (p) (Z) is an isomorphism of 
sheaves of sets, therefore 

k (p) : k (B) — > k (A) 

is an isomorphism, and p : A — > B is an isomorphism as well since k is a full 
embedding. □ 
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3. Proofs of the main results 
3.1. The plus-construction for precosheaves with values in Pro (SET). 
Definition 3.1. Let 

{[/, —>[/}£ Coo (X) , 
and let A be a precosheaf with values in Pro (SET) . Define 

H Q ({U % —>U},A) := coker I ]J A (Ui *u Uj) =t ]J A (U t ) J . 

\ i,3 i / 

The definition is correct since Pro (SET) is cocomplete. 

Analogously, if B is a presheaf with values in a complete category E, define 

H° ({U t -^U},B) := ker J]6 (U % ) =t J] B (Ui n Uj 

\ * i,j 

Proposition 3.2. 

k (H ({Ui — > (7} , A)) = ker l]J k (A (Ui)) =t J] k (A (Ui x v Uj)) = H° ({Ui -^U},k (A)) 

\ * i,3 j 

Proof. The functor k converts colimits to limits. □ 
Definition 3.3. Given two coverings 

V,U e Cov(X), 
U = {Ui^U} ieI , 

V = {Vj^U} jeJ , 

then a refinement mapping between them 

f : V — > U, 

is a pair 

e : J — > I, 

(fj : Vj — ► U s(j) ) , 

where fj are U-morphisms. 
Lemma 3.4. Given two coverings 

V,U G Cov(X), 
U = {Ui^U} ieI , 

V = { Vj ^U} jeJ , 

and two refinement mappings 

then the corresponding mappings of cokernels coincide: 

H (/, A) = H (g, A) : H (V, A) — > H Q (U, A) . 
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Proof. Let Z be an arbitrary set. Then 

k (H {U, A)) (Z) = H° [U, k (A) (Z)) 
where k (A) (Z) is a presheaf of sets. It follows from |Tam94) . Lemma 1.2.2.7, that 

H° (/, k (A)) = H° (g, k (A)) : H° (U, « {A)) — > H° (V, k (A)) . 
Therefore, Ho (f,A) — Ho (g,A) since k is a full embedding. □ 

Remark 3.5. In }Tam94) all the reasonings are done for presheaves of abelian 
groups. However, as the author underlines, the reasonings can be easily translated 
to the situation of presheaves of sets. 

Definition 3.6. Given U 6 Cat(X), the set of coverings on U is a cofiltrant 
pre-ordered set under the refinement relation: 

V < U 

iffV refines U. Since the mappings 

H (V,A)^H (U,A) 

do not depend on the refinement mapping (Lemma \3.4\ l, and since Pro (SET) admits 
cofiltrant limits, one can define 

A+OJ) :=KmH (V,A) 
where V runs over coverings on U. A+ is clearly a precosheaf in Pro (SET). 

Definition 3.7. Given a presheaf B on X with values in SET or SET SET , let B + 
be the following presheaf: 

B+OJ) :=colim H° (V,B). 

Proposition 3.8. 

k(A+)*(k(A)) + . 

Proof. Follows from Propositions 13.21 and 14.121 □ 

Proposition 3.9. (1) A+ is coseparated. 

(2) // A is coseparated, then A+ is a cosheaf. 

(3) The functor 

() # := () ++ : PCS [X, Pro (SET)) — >• CS [X, Pro (SET)) 
is right adjoint to the inclusion functor. 

Proof. 

(1) Since 

k(A + )^(k(A)) + 

is separated ( |Tam94j . Proposition 1.3.1.3), it follows from Proposition ^. Ill 
that A+ is coseparated. 

(2) If A is coseparated, then n (A) is separated, therefore n{A+) ~ (k(^4)) + 
is a sheaf ( [Tam94j . Proposition 1.3.1.3). It follows from Proposition 12.121 
that ^4+ is a cosheaf. 
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(3) For a fixed set Z, the functor 

B (Z) i — > B (Z) ++ = B (Z)* : P§ (X, SET) — > S (X, SET) . 

is left adjoint to the inclusion functor 

I : S (X, SET) — > PS (X, SET) 

( |Tam94j . Proposition 1.3.1.3). Varying Z, one gets a pair of adjoint func- 
tors 

/ : S f X, SET setN ) — ► PS fx, SET SET 



() # : PS (x, SET SET ) — ► S (x, SET SET j . 

Let A be a cosheaf, and B be a precosheaf. There is a sequence of natural 
isomorphisms: 

Hom CS ( X ,Pro(mr)) {A, B#) » ^ oto s(x,set set ) ( k (%) > K ("*)) 

~ Fom S(X,SET« Br ) ( K (^) # ' K (" 4 )) 
~ Hom j!S(x,SB*>*) (k(B),K (A) ) 
~ -Ho TO PCS(X,Pro(SET)) (-4, S) 

establishing the desired adjunction. 

□ 

3.2. The plus-construction for precosheaves with values in Pro (AM). We 
translate the definitions and statements of Subsection 13 . 1 1 from the language of pro- 
sets into the language of abelian pro-groups. The proofs are omitted since they are 
completely analogous to the corresponding proofs for pro-sets. 

Remark 3.10. The symbol J^J in this Subsection will mean the coproduct in the 

category Pro (AM). We could use the symbol instead, but this would have been 

inconsistent with the notations from the previous Subsection, where means the 
coproduct in the category Pro (SET) . 

Definition 3.11. Let 

U = {Ui — >U}e Cov (X) 
and A a precosheaf with values in Pro (AM). Define 

H (U, A) = coker I JJ A (Ui X V Uj) =t Y[A (U % ) 



The definition is correct since Pro (AM) is cocomplete. 
Proposition 3.12. 



K (H a (U, A)) = ker k (A (Ui)) =4 J] K ( A ( U i x u U,)) = H° (U, k (A)) . 
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Lemma 3.13. Given two coverings 

V,U G Gov (X) 

and two refinement mappings 

f,g:V—M, 
then the corresponding mapping of cokernels coincide: 

H (/, A) = H Q (g, A) : H (V, A) — ► H Q (U, A) . 

Definition 3.14. Given U £ C'at(X), the set of coverings on U is a cofiltrant 
pre- ordered set under the refinement relation: 

V < U 

iff V refines U. Since the mappings 

Ho(V,A)^Ho{U,A) 

do not depend on the refinement mapping fLemma \3.13\) , and since Pro (AB) admits 
cofiltrant limits, one can define 

A+OJ) :=]imH (V,A) 

where V runs over open coverings on U . A+ is clearly a precosheaf with values in 
Pro (AB). 

Definition 3.15. Given a presheaf B on X, let B + be the following presheaf: 

B+{U) :=colim H° (V,B). 

Proposition 3.16. 

k (A+)^(k(A)) + . 

Proposition 3.17. (1) A+ is coseparated. 

(2) If A is coseparated, then A+ is a cosheaf. 

(3) The functor 

() # := () ++ : PCS {Pro (AB)) — ► C§ (Pro (AB ab )) 
is right adjoint to the inclusion functor. 
3.3. Proof of Theorems O and HT2l 

Proof. The right adjointness of the functors 

() # : PCS (X, Pro (SET)) — > CS (X, Pro (SET)) 

and 

() # : PCS (X, Pro (AB)) — > CS (X, Pro (AB)) 

is already proven (Propositions 13.91 and 13. 1 7|) . It remains only to prove that ()^ is 
a reflector. Let D be Pro (SET) (or Pro (AB)), and let A be a cosheaf with values 
in D. Let further B be an arbitrary cosheaf with values in P. It is enough to prove 
that 

Hom PC s(x,o) (B,A#) w Hom C s{x,o) (B,A) 
naturally on B. There exist natural on B isomorphisms 

Hom PC s(x,B) (S, A#) ~ Hom C s(x,B) (B, A#) ~ 
Hom VC s(x,o) (B, A) « Hom c §(x,o) (B, A) . 
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The first and the last isomorphisms are due to the full embedding of CS (X, D) into 
PCS (X, B), while the second isomorphism is the adjunction. It follows that 

A# « A. 

□ 

Remark 3.18. The reasoning above can be easily generalized to any full embedding 

I : E — >¥. 

If such an embedding has a right or a left adjoint F , then F is clearly a reflector. 

3.4. Proof of Theorems [TH and Hm 

Proof. (2) is already proven (Proposition 12. 27|) . 

To prove (1), consider an arbitrary set Z. Corollary 13 . 201 below guarantees that 

P* (k (A)) (Z) = K (a# (A)) (Z) : k (A) (Z) — ► « (A#) (Z) = « (^) # (Z) 

is a local isomorphism for any set Z. Apply now Lemma 12.241 The case of pre- 
cosheaves with values in Pro (AM) is proved analogously (consider an abelian 
group Z instead). 

To prove (3), consider the composition 

B — > A# — > A, 

existing due to the right adjointness of ()_^. The composition and the morphism 
A# — > A are local isomorphisms, therefore B — > A# is a local isomorphism 
between cosheaves, hence an isomorphism. □ 

Lemma 3.19. Let X be a topological space. Given a presheaf B of sets on X, the 
natural morphism 

f3 + (B) : B — >■ B + 

is a local isomorphism. 

Proof. Step 1. For any x E X , (3 + (B) is onto. Indeed, let the equivalence class 

[(s(i)) ieI ]e(B+) x 

be given by sections 

s(i) e B(Ui), 

s(i)\uinu 3 = s(j) luiHUj, 

where V is an open neighborhood of x, and {Ui — > is an open covering. 

There exists a j with x S Uj. The class 

[( s (j),u 3 )]eB x 

is clearly mapped onto \(s (i)) ie j] under the mapping (3 + (B) x . 
Step 2. For any x £ X, (3 + (B) x is one-to-one. Indeed, let 

H , W e B x , 

where s,t £ B (V) are sections, and V is an open neighborhood of x. Assume 

(3 + (B) x ([s]) = f3 + (B) x ([t\). 

This means that there exists an open neighborhood W, x € W C V, and an open 
covering {Ui — > W} with 

s k = t\uf 



18 



ANDREI V. PRASOLOV 



for all i. There exists then a j with x G Uj. Since s\uj — t\lJj, the classes [s] and 
[t] are equal in B x . □ 

Corollary 3.20. Let X be a topological space. Given a presheaf B of sets on X , 
the natural morphism 

p* (B):B—> B* 

is a local isomorphism. 

Proof. f3* (B) = 13+ (B+) o p+ (B). □ 
3.5. Proof of Theorem [T71 

Proof. (1) Let Z be a set. Then, due to Lemma \'S . 2 1 1 below, the presheaf 

K (V) (Z) = k(Sx pro-Tr ) (Z) 
of sets is isomorphic to the presheaf B: 

B{U) := Z SxU . 

For any open covering {Ui — > U } the topological space S xU (S with the discrete 
topology) is isomorphic in the category TOP to the cokernel 

coker ( ]J {S X (Ui H Uj)) =t ]J (S X Ui) J , 

therefore 

z sxu = Hommp (5- xU,Z)k 



kcr Hom mP I ]J (S x U t ) , Z I ^ ffom TO p (U (5 x (Ui n C^-)) - z 



«J / \ » ,3 



\ « i,j / 

and S is a sheaf of sets. It follows from Proposition 12. 121 that V = S x pro-iro is a 
coshcaf. 

(2) It is enough to prove that 

V = S x pro-TT — ► S LC 

is a local isomorphism. Let Z be a set, and let a; G X. Clearly 

K (S LC ) (Z) X ^Z S . 

Moreover, 

(K (V)) x = (k(Sx pro-iro) (Z)) x = colim Z SxV 
where the colimit is taken over all open neighborhoods V of x. The mappings 

S x V — > Z 

involved are locally constant since Z is discrete. Therefore, any two germs [/] and 
M, 

f,g:W^Z 

where W is an open neighborhood of S x {x}, are equivalent iff 

f\sx{x} = g\sx{x}- 
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It follows that 

colim Z SxV wZ s , 

and that both the mapping of presheavcs 

K (S LC ) -~>k{Sx pro-Tr Q ) (Z) 

and the mapping of precosheaves 

V = S x pro-no — > S LC 

are local isomorphisms. Due to Theorem 11.31 

V = S x pro-no » (S iC ) # . 

(3) Let Z be an abelian group. Then, due to Lemma T3. 221 b elow . the presheaf 

K {pro-H Q (_, A))(Z) 

of abelian groups is isomorphic to the presheaf C: 

C (U) := Homm {A, zf . 

For any open covering {Ui — > U} the topological space U is isomorphic in the 
category TOP to the cokernel 

coker (n^^)^]!^) . 

therefore 

Homm {A, Z) u = Hom mP (U, Homm (A, Z)) rj 
« ker Hom m p J J U, Homm (A, Z) =$ Hom mP J J (U D Uj) , Homm (A, Z) 



ker Y[C(U,) zjJJC^nOj 



*,i 

and C is a sheaf of sets. It follows from Proposition 12.151 that TL — pro-H$ (_, A) is 
a cosheaf. 

(4) It is enough to prove that 

H = pro-H (_, A) — > A LC 

is a local isomorphism. Let Z be an abelian group, and let x G X. Clearly 

K (A ic ) » Hom m (A, Z) . 

Moreover, 

(k {H)) x = (k (pro-H (_, A)) (Z)) = colim Homm {A, Z) v 
where the colimit is taken over all open neighborhoods V of x. The mappings 

V — > Homm (A, Z) 

involved are locally constant since Homm (A, Z) is discrete. Therefore, any two 
germs [/] and [g], 

f,g:W — >• Hom m (A, Z) 
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where W is an open neighborhood of x, are equivalent iff 

f(x)=g (x) . 

It follows that 

colim Hom&B (A Z) « Horrid, (A Z) , 
and that both the mapping of presheaves 

K (A LC ) — > K (pro-i/o (-, A)) (Z) = K (H) (Z) 
and the mapping of precosheaves 

H = pto-Hq (_, A) — -+ A LC 
are local isomorphisms. Due to Theorem ll.4[ 

U = pro-Ho (_, A) « (A ic ) # . 

□ 

Lemma 3.21. For any sef Z and any topological space U , the set 

Hour - (S x pro-TTQ (U) , Z) 

is naturally (with respect to S, Z and U ) isomorphic to the set Z SxU of continuous 
functions 

S xU — > Z 

where S and Z are supplied with the discrete topology. 

Proof. Let U — > (Yj) be a strong expansion ( [MarOO] . conditions (SI) and (S2) on 
p. 129), where (Yj) is a pro-space consisting of polyhedra (or ANRs), and let 

Sxpro-iro (y j ) = (Sxir {Yj)) 

be the corresponding pro-set. Since the spaces Yj are locally path-connected, and 
since Z is a discrete topological space, one has a sequence of isomorphisms 

Homp ro (§ E Y) ((S x pro-Tr (Yj)) , Z) « Hom Pro{SEI ) ((S x ir (Yj)) , Z) rj 

th colim HomsET (S x ttq (Yj) , Z) s» 

3 

ps colim Homjop (S x Yj , Z) . 

3 

The compositions 

S xU — > S x Yj — > Z 

define a natural mapping 

colim [S x Yj,Z] — > [S x U, Z] 

3 

where [] is the set of homotopy classes of mappings. That mapping is an isomor- 
phism because U — > (Yj) is a strong expansion. Since Z is discrete, the homotopy 
classes of mappings 

S xU — > Z 

and 

SxYj — > Z 
consist of single mappings, therefore 

colim [S X Yj, Z] = colim HomjQp (S xYj, Z) — > Homjor (S xU,Z) = [S x U, Z] , 

3 3 



PRECOSHIEVES ARE SMOOTH 



21 



and the internal mapping 

Hora Pro ( SET ) ((S x pro-TTQ (Yj)) , Z) w colim Hom-rop (S x Yj, Z) — > Hom T <o V (S x U, Z) 

3 

is an isomorphism. □ 
Lemma 3.22. For any abelian group Z and any topological space U, the set 

Homm (pro-H (U, A) , Z) 
is naturally (with respect to A, Z and U ) isomorphic to the Cech cohomology group 

H°(U,Hom m (A,Z)) 
which, in turn, is isomorphic to the group Homo, {A, Z) U of continuous functions 

U — > Hom AM (A, Z) 
where Homm {A, Z) is supplied with the discrete topology. 

Proof. Let again U — > (Yj) be a polyhedral (or ANR) strong expansion, and let 

pro-H (Y j ,A) = (H (Y j ,A)) 

be the corresponding abelian pro-group. Since the spaces Yj are locally path- 
connected, 

H (Yj,A)= A 

and 

Hom TOP {Yj,V) = II <>iii , , (ir (Yj) , V) 

for any discrete topological space V. Since Homm (A, Z) is considered as a discrete 
topological space, one has a sequence of isomorphisms 



Homp ro (XB) ((H (Yj,A)),Z) w colim Horn AB A 

~ colim 1 j Homm (A, Z) w 

3 

w colim I loin:: . • (tto (Yj) , Homm (A, Z)) w 
w co/im iJomTOP Homm (A, Z)) . 

3 

The compositions 

C/ — >■ Yj — > Hom m (A, Z) 

define a natural mapping 

colim [Yj,Hom A M (A, Z)\ — > [U, Homm (A, Z)\ . 

3 

That mapping is an isomorphism because U — > (Yj) is a strong expansion. Since 
Homm (A, Z) is discrete, the homotopy classes of mappings 

U — > Homm (A, Z) 

and 

Yj — > Homm (A, Z) 
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consist of single mappings, therefore 

colim \Yj, Hom&a (A, Z)] = colim Homjop (Yj, Horn/a (A, Z)) — > 

3 j 

— > HomjoF (U, Homm {A, Z)) = [U, Homm (A, Z)\ , 

and the internal mapping 

Hom Pro ^ m ) ((H (Yj,A)) , Z) s» colim Hom TO p {Y ,Hom m (A, Z)) — > Homrov (U, Hom m (A, Z)) 

is an isomorphism. The Cech cohomology group 

H°(U,Hom a (A,Z)) 

is isomorphic to 

Hom Pro ^ AV ) ((H (Yj)) , Hom, m (A, Z)) w colim Hom m (H (Yj) , Hom m (A, Z)) w 

colim Homm (Hq (Yj) ® A, Z) ss 

colim Homm I A \ , Z 

J \VoW) / 

w Hom Pro{m) ((H (Yj,A)) , Z) 



□ 



4. Appendix: categories Pro (SET) and Pro (AB) 

Let us remind necessary notions from category theory. 
We fix a universe it ([KS06], Definition 1.1.1). 

Definition 4.1. A set is called small (Si-small in the terminology of [KSlKij , Defi- 
nition 1.1.2) if it is isomorphic to a set belonging toil. A category D is called small 
if both the set of objects Ob (D) and the set of morphisms Mor (D) are small. 

Definition 4.2. A category D is called a SI- category ( \KSQ6\ . Definition 1.2.1) if 

Homo (X, Y) 
is small for any two objects X and Y . 

Definition 4.3. A small limit (small colimit) in a category!} is a limit (colimit) 
of a diagram 

A: I — > D 

where I is a small category. 

Definition 4.4. A filtrant (cofiltrant) colimit (limit) in a category D is a 
colimit (limit) of a diagram 

A: I — > D 

where I is a small filtrant (cofiltrant) category f[KS06j, Definition 3.1.1). 

Definition 4.5. A category^) is called complete (cocomplete) ifD admits small 
limits (colimits). 

Definition 4.6. We denote by SET the category of small sets, and by AB the 
(additive) category of small abelian groups. These two categories are clearly Si- 
categories. 



PRECOSHIEVES ARE SMOOTH 23 

Definition 4.7. For a category D, let SET D be the category of functors 

B — ► SET. 

For an additive category B, let AB D be the category of additive functors 

B — ► AB. 

These two categories are in general not It- categories (unlessU> is a small category). 
4.1. Pro (SET). For a category B, let 

t : B op — ► SET D 

be the Ioneda full embedding: 

i (X) := Homo (X, _) : B — ► SET, 

and let 

k : ED — > SET" 
be the corresponding contravariant embedding. 

Definition 4.8. (' KSOG , Definition 6.1.1) The category Pro(H>) is the opposite 
category (E) op where 

E C SET D 

is the full subcategory of functors that are filtrant colimits of representable functors, 
i.e. colimits of diagrams of the form 

I op ^ B op SET D 
where I op is a small filtrant category, and 

X : I — ► B 

is a functor. 

For simplicity, denote two such diagrams (and corresponding pro-objects) by 
{X.j) ieI and(Yj) jeJ . Then 

Hom Pro (p) , (5jf)jej) = ^j 11 co ^ m -H° to b • 

Definition 4.9. The full embedding 

l : (Pro (§ET)) op — ► SET SET 
will be also called the Ioneda embedding, and will be denoted by the same symbol l. 
Definition 4.10. Let us denote by k the corresponding contravariant embedding 

K : Pro (SET) — > SET SET . 
Proposition 4.11. The Ioneda embedding 

l : (Pro (SET)) op — > SET SET 

commutes with small limits and filtrant colimits. 
A morphism 

f:X^Y 

in (Pro (SET)) op is a monomorphism iff t (/) is a monomorphism in SET SET . 
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Proof. [KS06] . Theorem 6.1.8, applied to the category SET op , states that the nat- 
ural embedding 

l : {Pro (SET)) op « Ind (SET op ) — > §ET SET 

commutes with filtrant colimits. Corollary 6.1.17 says that i commutes with small 
limits. The last sentence of the Proposition reduces to (3) in Proposition I4.12[ 
because 

f op : A — > Y 

is a monomorphism in (Pro (SET)) op iff / is an epimorphism in Pro (SET). More- 
over, = »(/). ' □ 

Proposition 4.12. (1) The contravariant embedding 

k : Pro (SET) — > SET SET 

converts small colimits in Pro (SET) to limits in SET SET . Moreover, mor- 
phisms 

(Xi > X) ieI , 

where I us a small category, form a colimit in Pro (SET) iff 

(«(*)—>« prow 

form a limit in SET SET . 

(2) The embedding k converts coflltrant limits in Pro (SET) to filtrant colim- 
its in SET . Moreover, given a small coflltrant diagram (Xj) iE j-, then 
morphisms 

(X — > Xi) ieI 
form a limit in Pro (SET) iff 

form a colimit in SET ET . 

(3) A morphism 

/:X— >Y 

in Pro (SET) is an epimorphism iff n(f) is a monomorphism in SET ET . 

Proof. All the statements are proved in [KS06], Part 6. Let us sketch the proofs 
here. 

(1) Assume Y = (Yj)^ eJ is a pro-set. Then 

lim Hom Pro (§E,T) [Xi , ( Yj ) ) w lim lim Hom Pro (SET) (Xi , Yj) « 

% I J 

« lim lim K(Xi)(Yj)fts lim lim k (Xi) (Yj ) w 



lim Horn p ro (SET) (colim Xi,Yj 

j V i 



The sets linx, iJomp ro( -g ET ) ^coHrn Aj, Y^J are isomorphic to linij iJomp ro( -g ET ) (A, Yj 

iff re (A) is the limit of (re (Xj)) ieJ - 
(2) Follows from the fact that Pro (SET) admits coflltrant limits, and re con- 
verts such limits to filtrant colimits ( |KS06j . Theorem 6.1.8). 
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(3) Assume Z = (Zj) &J is a pro-set. Then the composition 
Hom Pro ( SET ) (Y, Z) « limFomp ro ( S ET) (Y, (Zj)) « 

w lim k (Y) {Z 3 ) — > lim k (X) (Z,-) w 
i j 

« lim iJom Pro(s]ET ) (Y, (Z^)) w Hom Pro{SET) (Y, Z) 

is a monomorphism whenever k (Y) — > k (X) is since lim converts monomor- 
phisms to monomorphisms. 

□ 

4.2. Pro (AB). The proofs in this Subsection are analogous to those in Subsection 
14.11 and will be omitted. 

For an additive category D, let 

i : B op — ► AB D 

be the Ioneda full embedding: 

i (X) := Homo (X, .) : © — > AB, 

and let 

K : D — ► AB D 
be the corresponding contravariant embedding. 

Definition 4.13. (^KS06] ; Part 15) The category Pro (D) is the opposite category 
(E) op where 

E C AB D 

is the full subcategory of additive functors that are filtrant colimits of representable 
functors, i. e. colimits of diagrams of the form 

jop B o P _^ ab d 

where I op is a small filtrant category, and 

X : I — > D 

is a functor. 

For simplicity, denote two such diagrams (and corresponding pro-objects) by 
(Xi) ieI and (Yj) jeJ . Then 

Hom Pro (ji) ((Xi) ieI , (Yj) jeJ ) = lim colim Hom B (JQ, Yj) . 

Definition 4.14. The full embedding 

i : (Pro (AB)) op — > AB AB 
will be also called the loneda embedding, and will be denoted by the same symbol i. 
Definition 4.15. Let us denote by n the corresponding contravariant embedding 

k : Pro (AB) — ► AB AB . 
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Proposition 4.16. The Ioneda embedding 

i : (Pro (AB)) op — > AB AB 

commutes with small limits and filtrant colimits. 
A morphism 

f:X^Y 

in (Pro (AB)) op is a monomorphism iff i(f) is a monomorphism in AB AB . 

Proposition 4.17. (1) The contravariant embedding 

k : Pro (AB) — > AB AB 

converts small colimits in Pro (AB) to limits in AB AB . Moreover, mor- 
phisms 

{Xi > x) ieI , 

where I is a small category, form a colimit in Pro (AB) iff 
(«(*)— >«(Xi)) <eJ 

form a limit in AB AB . 

(2) The embedding k converts cofiltrant limits in Pro (AB) to filtrant colimits in 
AB AB . Moreover, given a small cofiltrant diagram (Xi) ieI , then morphisms 

(X — ► Xi) i€l 

form a limit in Pro (AB) iff 

(k(X0— >«(X)) ieJ 

form a colimit in AB AB . 

(3) A morphism 

f-X^Y 

in Pro (AB) is an epimorphism iff is a monomorphism in AB AB . 
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